We derive the general relations between the maximum power, maximum efficiency and minimum dissipation for the irreversible heat engine in nonlinear response regime. In this context, we use the minimally nonlinear irreversible model and obtain the lower and upper bounds of the above relations for the asymmetric dissipation limits. These relations can be simplified further when the system possesses the time-reversal symmetry or anti-symmetry. We find that our results are the generalization of various such relations obtained earlier for different heat engines.
I. INTRODUCTION
The second law of thermodynamics limits the complete conversion of heat into work while allowing the complete conversion of work into heat [1] . For practical applications such a conversion from one of its form into another is very important, which can be done by the heat devices. The heat engines absorb the input heat Q h from the hot reservoir at temperature T h , converts part of it into the useful work W and eject the remaining amount of heat Q c to the cold reservoir at temperature T c (T h > T c ). The heat engine efficiency defined as, η = W/Q h , reaches the Carnot efficiency, η C = 1 − T c /T h when it working reversibly [2] . Since the reversible process takes an infinite amount of time to attain the Carnot efficiency, the power output becomes zero and hence does not have any practical use. The η C is the universal upper bound for the efficiency of the heat engines working between the two reservoirs at different temperatures.
The efficiency at maximum power is an another important criterion for heat engines performance, which were widely studied in the literature for the macroscopic heat engines [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , stochastic heat engines [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] , the quantum heat engines [28] [29] [30] [31] [32] [33] [34] and the heat engines with the finite-size reservoirs [35] [36] [37] [38] [39] [40] . The efficiency at maximum power also has the universal nature up to the second order in Carnot efficiency [6, 8, 16] as
Finding the universal upper bound for the efficiency at maximum power is one of the main goal in finite-time thermodynamics. The total entropy production S, needs to be minimized to increase the efficiency. The dissipation of the heat engines can be written as a function of the efficiency η and power output P as [41] T cṠ = P η C η − 1 .
When the entropy production rateṠ becomes zero, the heat engines reach the Carnot efficiency. In recent years, * iyyap.si@gmail.com † ponphy@cutn.ac.in many authors were attempted to investigate the attainability of a Carnot efficiency with finite power output [42] [43] [44] [45] [46] [47] [48] , in particular, the heat engines with broken timereversal symmetry were shown to enhance the efficiency at maximum power [42, [49] [50] [51] [52] [53] [54] [55] . Also the general relations between the maximum power (P MP ), the efficiency at maximum power (η MP ), the maximum efficiency (η ME ) and power at maximum efficiency (P ME ) were identified for the specific models of heat engines [56, 57] . Recently, Proesmans et al. obtained such a general relations for the linear irreversible heat engine with and without time-reversal symmetry (anti-symmetry) [58] . These relations showed that the efficiency at maximum power is bounded by the half the Carnot efficiency for the system possessing time-reversal symmetry or antisymmetry. However, several other studies showed that the presence of nonlinearity in the system can increase such bound [59, 60] . In such a case there is a need for finding out the generalized relations valid also in the nonlinear regime. This urge us to study the general relation for the irreversible heat engine in the nonlinear regime. In this context, we use the minimally nonlinear model in the generalized framework which directly include the heat dissipation in the irreversible heat engine in the nonlinear regime [59] . For the asymmetric dissipation limits with the tight-coupling condition (i.e., is no heat leakage between the system and reservoir), in this model, one can obtain the lower and upper bounds of the efficiency at maximum power as [59] 
These bounds were first derived for the low-dissipation Carnot heat engines with the asymmetrical dissipation limits [9] . The minimally nonlinear irreversible heat engine model was widely studied in the literature [37, 38, [60] [61] [62] [63] and shown that it is equivalent to the low-dissipation Carnot heat engine, latter explains the performance of the real power plants very well [59, 60, [63] [64] [65] .
In this paper, we derive the general relations between the maximum power, maximum efficiency and minimum dissipation for the minimally nonlinear irreversible heat engines in the generalized framework. We find that the results obtained for the linear irreversible heat engines are the special case of our general results obtained for the asymmetrical dissipation limit. Interestingly, we also find that our results are the generalization of various such relations obtained earlier for the different heat engines. This paper is organized as follows, in section II, we briefly review the general relations for the linear irreversible heat engine. In section III, we study the minimally nonlinear irreversible heat engine and derive our main results. In section IV, we discuss about our results. We end with our conclusion in section V.
II. THE LINEAR IRREVERSIBLE HEAT ENGINE
If the system performs the work on the environment, W = −F x, where F is the constant external force and x is the thermodynamic variable conjugate of F . The power becomes, P = −Fẋ, where the dot denotes the time derivative of the quantity. The input and output heat fluxes are, respectively,Q h andQ c . The entropy production rate at the reservoirs is given by [7, 62] 
We can write the above entropy production rate in terms of the thermodynamic forces X and fluxes J as,Ṡ = , 66] . Where X 1 ≡ −F/T c is the thermodynamic force for work and its corresponding thermodynamic flux J 1 ≡ẋ and X 2 ≡ 1/T c − 1/T h is the thermodynamic force for heat flow and its corresponding thermodynamic flux J 2 ≡Q h , which is the input heat flux absorbed by the system from the hot reservoir at temperature T h . When the thermodynamic forces are small, the thermodynamic fluxes can be written in the linear combination of the thermodynamic forces as [1, 66] 
where L ij (i, j = 1, 2) are the Onsager coefficients. The power output can be written as P = −T c J 1 X 1 and the efficiency is defined as η = P/Q h and it can be written as [7] 
Remarkably, the efficiency at maximum power, the minimum dissipation (Ṡ mD ) and the power at minimum dissipation (P mD ) is linked by the following simple relations [56] [57] [58] 
where the Carnot efficiency η C = T c X 2 . When the Onsager coefficients satisfy the symmetric or anti-symmetric property (L 12 = ±L 21 ), one can obtain the further simple relations as [56] [57] [58] 
From Eq. (10), we can find that the maximum efficiency η ME attains the Carnot efficiency only when the P ME is zero. Therefore, the Carnot efficiency is unattainable with the finite power for the linear irreversible heat engine when the Onsager coefficients possess the time-reversal symmetric (anti-symmetric) property [58] and from Eq. (11) the efficiency at maximum power, η MP → η C /2 when η ME → η C . In addition, we can identify from Eq. (12) is that when the minimum dissipationṠ mD = 0, the efficiency at maximum power bounded by half the Carnot efficiency for the maximum power P MP > 0 [58] .
III. THE MINIMALLY NONLINEAR IRREVERSIBLE HEAT ENGINE
The heat dissipation is inevitable in the real heat engines. In order to include the heat dissipation in linear irreversible thermodynamics, Izumida and Okuda were added a second-order nonlinear term in the linear Onsager relations and assuming the other higher order terms are negligible [59] , which thus called as the minimally nonlinear irreversible heat engine. The extended Onsager relations for the minimally nonlinear irreversible heat engine is given by [59] 
where γ h > 0 is the strength of the dissipation between the hot reservoir and system. In what follows, we will analyze the heat engine in the general setting without assuming any symmetry in the Onsager coefficients (L 12 = ±L 21 ). The power output can be written as [59] 
It has to be noted that the power of the minimally nonlinear irreversible heat engines do not depend on the heat dissipation introduced in the input heat flux [59] . Using Eq. (13) we can rewrite the input heat flux as [59, 62] 
where
The heat flux ejected to the cold reservoirQ c ≡ J 3 = J 2 − P . Using Eqs. (15) and (16), we get
where γ c ≡ T c /L 11 − γ h > 0 is the strength of the dissipation between the cold reservoir and system. The efficiency can be written as [59, 62] 
Maximizing the power (Eq. (15)) with respect to J 1 , we get the maximum power at J
The efficiency at maximum power becomes [59] 
where the dimensionless parameter γ ≡ 1/(1 + γ c /γ h ) provides the dissipation strength in terms of the power dissipations ratio (γ c /γ h ) between the cold and hot reservoirs. For the asymmetric dissipation limits γ c /γ h → ∞ and γ c /γ h → 0, we get the corresponding values of γ as, γ → 0 and γ → 1, respectively. For the symmetrical dissipation case γ h = γ c , we get γ = 1/2. Maximizing the efficiency (Eq. (18)) with respect to J 1 , we find the efficiency achieves its maximum at
where (15) and (18), we get the power at maximum efficiency and the maximum efficiency, respectively, as
Substituting Eqs. (15) and (16) in Eq. (1), the dissipation becomeṡ
Minimizing the above dissipation with respect to J 1 , we get the minimum dissipation at J
Substituting the J mD 1
in Eq. (15), we get the power at minimum dissipation as
It is straight forward to obtain the L 11 , L 22 and L 12 , respectively, by using Eq. (23) (20), (25) and (26), we get the following simple general relations as
This is our first main result. The above relations are the generalization of Eqs. (7), (8) and (9) which were obtained for the linear irreversible heat engine [58] . Further, for the time-reversal symmetric or anti-symmetric cases L 12 = ±L 21 , we get the following relations as a generalization of Eqs. (10) and (11) is given by
This is our second main result. Since the relations (Eqs. (27)- (32)) are depends on the ratio between the strength of the dissipations, we will now discuss the extreme cases of the asymmetric, symmetric and minimum dissipation regimes.
A. Asymmetric dissipation (γ h = γc)
When the strength of the dissipation between the system and hot reservoir γ h → 0, then γ → 0, we get the following lower bound (denoted by superscript −) as
The above relations are same as the general relation obtained in the linear irreversible heat engine (see Eqs. (7) - (9)). Further, for the time-reversal symmetric or antisymmetric case, we get the following relations as in Eqs. (10) and (11) as [56] [57] [58] 
When the strength of the dissipation between the system and cold reservoir γ c → 0, then γ → 1, we get the following upper bound (denoted by superscript +) as
For the time-reversal symmetric or anti-symmetric case, we get the following relations
T cṠmD
From Eqs. (36) and (42), we find that the maximum efficiency η ME attains the Carnot efficiency only when P ME = 0, which supports the previous result obtained by Proesmans et al. for the linear irreversible heat engine [58] . Also from Eqs. (37) and (43), we get the lower and upper bounds of the efficiency at maximum power as η C /2 < η MP < η C /(2 − η C ), which was obtained for low-dissipation heat engine and minimally nonlinear irreversible heat engine with the tight-coupling condition in the asymmetric dissipation limits [9, 59] .
B. Symmetric dissipation (γ h = γc)
For the symmetric dissipation case where γ h = γ c , then γ = 1/2, we get the following relations (denoted by su-perscript sym) as
Further, for the time-reversal symmetric or antisymmetric case, we get the following relations
The efficiency at maximum power obtained for an endoreversible heat engine is given by the so called Curzon-
and it can be expanded for a small temperature difference as η CA ≈ η C /2 + η For heat engines, loss of heat due to the friction between the piston and cylinder and heat transfer between the reservoir and heat engine are impossible to eliminate completely. Hence, the heat dissipationṠ mD > 0 always for real heat engines. Since the dissipation decreases the efficiency, it needs to be minimized as much as possible in the design and operation of real heat engines.
When the heat engine working at the minimum dissipationṠ mD = 0 with the maximum efficiency η ME = η C and the power at maximum efficiency P ME = 0, we get from Eq. (28), the efficiency at maximum power (P MP > 0) as
This result was previously obtained for the efficiency at maximum power of a stochastic heat engine by Schmiedl and Seifert at the asymmetric dissipation limits [16] , for a thermoelectric heat engine by Apertet et al. [12] and the minimally nonlinear irreversible heat engine with tightcoupling condition by Izumida et al. [62] . For the asymmetric dissipation limits γ → 0 and γ → 1, we get the lower and upper bounds as
As said above, these bounds were also obtained for the low-dissipation Carnot heat engine and the minimally nonlinear irreversible heat engine with tight-coupling at the asymmetrical dissipation limits [9, 59] . It has to be noted that, in the minimum dissipation limitṠ mD = 0, we get the above bounds without invoking any symmetry on the Onsager coefficients. We can also get the above bounds from Eq. (27) for the limiting case η ME = η C and P ME = 0, which shows the interconnection between the Eq. (27) and Eq. (28) as first observed for linear irreversible heat engine in Ref. [58] . For the symmetric dissipation limit γ = 1/2, we get η mD MP = η C /(2 − η C /2) as obtained earlier in the case of stochastic heat engine for the symmetric dissipation case [16] . The η MP (Eq. (27)) is plotted as function of the η ME for different values of γ and power ratios P ME /P MP as shown in Fig. 1 . From Figs. 1 (a) and (b), we observe that at lower power ratios, the η MP increases linearly with η ME for lower values of γ. Additionally, the linear behavior of η MP with η ME is also observed for any values of γ for the lowest values of η ME . However, Fig. 1 (c) shows that the η MP varies linearly with η ME for all values of γ for the higher power ratios.
IV. RESULTS AND DISCUSSION
To analyze the effect of P MP on η MP , we plotted η MP as function of P MP , for different values of γ and P ME for a fixed η ME in Fig. 2 . Even though the η MP increases significantly for small increase in P ME for a given γ, the efficiency at maximum power decreases as the maximum power increases.
Our results shows that whenever the power ratio approaches unity the η MP attains its maximum, which can be increased further when γ increases. This can be useful for designing a heat engine to get the higher η MP for practical applications.
To analyze the dissipation effects on the efficiency at maximum power, we plotted the η MP obtained from Eq. (28) as function of the minimum dissipation T cṠmD for different values of γ and for given values of P MP , P ME and η ME in Fig. 3 . The efficiency at maximum power decreases as the minimum dissipation increases. However, the η MP increases with increase in γ.
For time-reversal symmetric or anti-symmetric case, we plotted the η MP (Eq. (31)) as function of η ME for different values of γ is shown in Fig. 4 . The efficiency at maximum power increases with the maximum efficiency as observed earlier in the general case. Interestingly, for a given value of η C , we observe that the linear behavior of η MP with η ME for higher values of γ in contrast to the general case as shown in Fig. 1 . However, at the asymmetrical dissipation limits with the reversible conditions (η ME = η C and P ME = 0), the η MP in Eq. (27) we plotted the efficiency at maximum power obtained from Eq. (32) as function of the minimum dissipation for various values of γ and fixed P MP in Fig. 5 . We did not see any appreciable changes in the behavior of decrease in η MP with the minimum dissipation as compared to the general case (see Fig. 3 ).
Although the general relations derived in recent years Ref. [56] [57] [58] along with our results need to be verified by experiments, analyzing the fundamental benchmark quantities η ME η MP , P ME and P MP is important for heat engines operating in finite-time cycle. It is also very important to understand the inter-connections among these fundamental performance parameters of the heat engines for theoretical as well as practical aspects. All these results may guide us to design a real heat engine with optimal outcome.
V. CONCLUSION
We studied the minimally nonlinear irreversible heat engine in the generalized framework with and without invoking the symmetry or anti-symmetry of the Onsager coefficients and obtained the general relations between the maximum power, maximum efficiency and the minimum dissipation. For the asymmetric dissipation limits, we get the lower and upper bounds for those relations in which the lower bound is the same as the relations obtained recently for the linear irreversible heat engines [58] .
When the minimum dissipationṠ mD = 0, we get the efficiency at maximum power as η mD MP = η C /(2 − γη C ), which was obtained previously for a thermoelectric heat engine and stochastic heat engine [12, 16] . Additionally, in the asymmetrical dissipation limits, we get the lower and upper bounds as η C /2 ≤ η mD MP ≤ η C /(2 − η C ), which were obtained earlier for the low-dissipation Carnot heat engine and the minimally nonlinear irreversible heat engine with tight-coupling condition at the asymmetrical dissipation limits [9, 59] . Since our results can be applied to a three-terminal thermoelectric heat device in the nonlinear regime with broken time-reversal symmetry [12, 51] , which we will consider it as part of our future work.
It will be interesting to derive such a general relations for the other models of heat engines, such as the Feynman ratchet, information engine, quantum heat engines. Unlike the power output of the heat engine, the optimization parameter for refrigerator is not yet identified in general [62, [67] [68] [69] [70] . However, the above general relations can also be obtained, if one can identify the suitable optimization criteria for refrigerator equivalent to the power output of the heat engine. (28)) is plotted as function of the minimum dissipation for different values of γ = 0.1 for dotted curve, γ = 0.5 for dashed curve, γ = 0.9 for solid curve. Here, we set ηC = 0.5, ηME = 0.45, PMP = 0.5 and PME = 0.1. 
ACKNOWLEDGEMENT
One of the author I.I would like to thank K. Proesmans for valuable discussions and also thank K. R. S. Preethi Meher, N. Barani Balan and H. Saveetha for helpful suggestions. We thank the anonymous referees for their constructive comments and criticism.
